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■ Abstract 

This paper continues the study, initiated in the works |MOVj and [MOPVj , 
CN ' of the problem of controlhng the maximal singular integral T*f by the singu- 

lar integral Tf. Here T is a smooth homogeneous Calderon-Zygmund singu- 
lar integral operator of convolution type. We consider two forms of control, 
namely, in the weighted LP(uj) norm and via pointwise estimates of T*f by 
M(Tf) or M'^{Tf) , where M is the Hardy-Littlewood maximal operator and 
', = M o M its iteration. The novelty with respect to the aforementioned 

] works, lies in the fact that here p is different from 2 and the space is 

weighted. 

1 Introduction 

lO ' 

if^ I Let T be a smooth homogeneous Calderon-Zygmund singular integral operator on 

^ ■ M" with kernel 

m ■ ' ' 

where f2 is a homogeneous function of degree whose restriction to the unit sphere 
S^~^ is C°° and satisfies the cancellation property 

X 

^ : / Q{x)da{x) = 0, 

- ■ ■ J\x\=l 

a being the normalized surface measure in S"'~^. Thus, Tf is the principal value 
convolution operator 

T/(x) = p.v. j fix - y)K{y)dy = hmT'f{x), (2) 

where T^f is the truncated operator at level e defined by 

T7(x)= / fix-y)K{y)dy. 

J\x-y\>e 
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For / G L^, 1 < p < oo, the limit in exits for almost all x. One says that the 
operator T is even (or odd) if the kernel ([T]) is even (or odd), that is, if fl{—x) = Q{x), 
X eW\ {0} (or n{-x) = -n{x), X e M" \ {0}). Let T* be the maximal singular 
integral 

T*f{x) = snp\T'f{x)\, X e W. 

e>0 

In this paper we consider the problem of characterizing those smooth Calderon- 
Zygmund operators for which one can control T*f by Tf in the weighted norm 

IITVIIlpH < C^||T/|U.H, / G LP{u), and u G Ap, (3) 

where Ap is the Muckenhoupt class of weights (see below for the definition). A 
stronger way of saying that T* is controlled by T is the pointwise inequality 

T*fix) < C{M\Tf){x)), X G R", se {1,2}, (4) 

where M denotes the Hardy-Littlewood maximal operator and = M o M its 
iteration. For the case p = 2 and u = 1, the relationship between and (jlj) has 
been studied in |MUVj for even kernels and in [MOPVj for odd kernels (see also 
|MVj ). We will prove that, for any 1 < p < oo and u G Ap, the class of operators 
satisfying ([3]) coincides with the family of operators obtained for p = 2 and a; = 1, 
thus giving an affirmative answer to Question 1 of |MOV| p. 1480]. Our main 
result states that for smooth Calderon-Zygmund operators, inequality (jl]) (with s 
depending on the parity of the kernel) is equivalent to and also is equivalent to 
an algebraic condition involving the expansion of Q in spherical harmonics. 

Now we need to introduce some notation. The homogeneous function Q, like any 
square-integrable function in S*""^ with zero integral, has an expansion in spherical 
harmonics of the form 

oo 

Q{x) = Y,Pjix), xG^"-\ (5) 
i=i 

where Pj is a homogeneous harmonic polynomial of degree j. For the case of even 
operators in the above sum we only have the even terms P2j and for the odd case 
we only have the polynomials of odd degree P2j+i- In any case, when Q is infinitely 
differentiable on the unit sphere one has that, for each positive integer M, 

oo 

^j*^||P,-|U < oo, (6) 

j=l 

where the supremum norm is taken on 5*""^. When Q is of the form 

n{x) = ^, XGR"\{0}, 
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with P a homogeneous harmonic polynomial of degree d > 1, one says that T is 
a higher order Riesz transform. If the homogeneous polynomial P is not required 
to be harmonic, but has still zero integral on the unit sphere, then we call T a 
polynomial operator. 

Let's recall the definition of Muckenhoupt weights. Let a; be a non negative 
locally integrable function, and 1 < p < oo. Then u & Ap if and only if there exits 
a constant C such that for all cubes Q C M" 

The important fact worth noting is that Calderon-Zygmund operators and the 
Hardy-Littlewood maximal operator are bounded on L^{uj), when 1 < p < oo and 
UJ belongs to Ap. See |Dut Chapter 7] or |Gr2t Chapter 9] to get more information 
on weights. 

Now we state our result. We start with the case of even operators. 

Theorem 1. Let T be an even smooth homogeneous Calderon-Zygmund operator 
with kernel ([2]j. Then the following are equivalent: 

(a) 

T*f{x) <CM{Tf){x), xeW\ 

(b) If p & (1, oo) and u G Ap, then 

||T7IUpm < Cr/IU^H, for all f G L^iu). 

(c) Assume that the expansion (j5]) of Q in spherical harmonics is 

oo 

Q{x) = Y,P,,{x), P2,o^0. 

j=jo 

Then, for each j there exists a homogeneous polynomial Q2j^2jo of degree 2j — 2jo 
such that P2j = P2joQ2j~2jo and Y.T=jo'^'^j^'^j-^^oiO 7^ 0, ^ G 5"""^ Here for a 
positive integer k we have set 



7. = ^-'=vrt_A^. (7) 



(d) 



|T7l|i,oo<C^r/||i, forallfeHU 



Recall that 11(7111,00 denotes the weak norm of g and H^{W^) is the Hardy 
space. Calderon-Zygmund operators act on H^. (For instance, see [Du( Chapter 6], 
|Gr2| Chapter 7] for more information on the Hardy space). 

To get the above result for odd kernels we will replace the Hardy-Littlewood 
maximal operator in (a) hj its iteration. 
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Theorem 2. Let T be an odd smooth homogeneous C alder on- Zygmund operator 
with kernel ([2]j. Then the following are equivalent: 

(a) 

T*f{x) < CM'^{Tf){x), X E W. 
(h) If p E (1, oo) and u E Ap then 

||T7I|lpH < C||T/|Up(^), for all f G L^iu). 

(c) Assume that the expansion ([5]) of Q in spherical harmonics is 

oo 
j=jo 

Then, for each j there exists a homogeneous polynomial Q2j-2jo of degree 2j— 2jo 
such that Paj+i = P2jo+iQ2j~-2jo ".nd Y.%jol2j+iQ2j-2jQ{0 7^ 0, ^ e S'"-\ with 
72j+i as in ([7]). 

Clearly, both in Theorem [T] as in Theorem [21 the condition (a) implies (h) is 
a consequence of the boundedness of the Hardy-Littlewood maximal operator on 
weighted U' spaces. The proof oi (c) implies (a) m Theorem [1] is proved in |MOVj 
and the same implication in Theorem [2] is proved in |MOPV] . So the only task 
to be done is to show that (h) implies (c) m. both theorems (and (d) ^ (c) in 
Theorem [T]). One of the crucial points in the proof of the implication (6) ^ (c) for 
the case p = 2 and a; = 1 in |MUVj and |MUPVj is to use Plancherel Theorem to 
get a pointwise inequality to work with it. For p 7^ 2 we will get the corresponding 
pointwise inequality using properties of the Fourier transform of the kernels as 
multipliers. 

In Section [2] we introduce Fourier multipliers and some tools to control their 
norm (see Lemma [T]). Section [3] is devoted to the proof of (6) =^ (c), for polynomial 
operators. The general case is discussed in Section HI 

As usual, the letter C will denote a constant, which may be different at each 
occurrence and which is independent of the relevant variables under consideration. 



2 Multipliers 

Recall that, given 1 < p < 00, one denotes by Aip(W^) the space of all bounded 
functions m on R" such that the operator 

TUf) = {fm)\ /g5, 

is bounded on Lp(M") (or is initially defined in a dense subspace of L^(M"') and has a 
bounded extension on the whole space). As usual, S denotes the space of Schwartz 
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functions, / is the Fourier transform of / and the inverse Fourier transform. 
The norm of m in A^p(]R") is defined as the norm of the bounded hnear operator 
Tm : LP(R") ^ LP{W). Elements of the space Mp{W) are called Lp (Fourier) 
multipliers. Similarly, we speak of U'{(jj) multipliers. It is well known that M.21 the 
set of all multipliers, is L°° and that A^i(M") is the set of Fourier transforms 
of finite Borel measures on M". The basic theory on multipliers may be found for 
example in the monographs |Du] . |Grl] . 

Let < < 1 be an smooth function such that 0(^) = 1 if |^| < |, and = 
if 1^1 > 1. Given ^0 ^ l^", we define 0^(0 = Consider m G L°° such that m 

is continuous in some neighbourhood of ^0 with m(^o) = 0. It is clear, by Plancherel 
Theorem, that the norm of mips in A^2 approaches zero when 5 — )■ 0. We ask if the 
same result holds when m is an multiplier. Adding some regularity to m we get 
a positive answer. 

Lemma 1. Let e W , Q < 5 < 5q and m e Mp^ ^"{3(^0, So)) with m(^o) = 0. 
Let e C°°(M"), < < 1 such that 0(0 = 1 if |C| < ^, and 0(0 = if \^\ > 1. 
Set 0^(0 = 0(^^) and let T^^^ be the operator with multiplier nup^. 

1. If u e Ap, 1 < p < 00, then \\Tjn,j>s\\Lp{uj)^Lp{uj) — > 0, when 6-^0. 

Ilii^Li.oc — > 0, when 5 — )■ 0. 

Wm^Li — > 0, when 5 — 0. 

To prove Lemma [T|, we use the next theorem due to Kurtz and Wheeden. Fol- 
lowing [KWj . we say that a function m belongs to the class M(s, /) if 

rus^i := sup (^i?'^!"!-" / \D''m{x)Ydx] < +00, for all |a| < /, (8) 

R>0 V JR<\x\<2R J 

where s is a real number greater or equal to 1, Z a positive integer and a = 
(ai, . . . , an) a multiindex of nonnegative integers. 

Theorem 3. JKM p. 344] Let 1 < s < 2 and m E M{s,n). 

1. If 1 < p < 00 and u G Ap, then there exists a constant C , independent of f , 
such that 

\\Tmf\\LP{u) < C\\f\\LP{Lj). 

2. There exists a constant C , independent of f and X, such that 

|{a;GM":|T^/(x)|>A}|<y||/|Ui, A > 0. 

3. There exists a constant C, independent of f , such that 

\\Tn.f\\L^<C\\f\\H^. 
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Analyzing the proof we check that, in all cases, the constant C, which appears in 
the statements 1, 2 and 3 of the previous Theorem, depends linearly on the constant 
nis^n defined at ([8]). We also remark that when u = 1 the proof can be adapted to 
the case L^, so we get statement 3 which is not explicitly written in |KW] . 



Proof of LemmaUl Using Theorem [3] we only need to prove that the multiplier m(f)s 
is in M(s, n) for some 1 < s < 2, and the constant rris^n tends to if 5 tends to 0. 

Assume that 7^ and that 5 < 5o is small enough. For |a| < n, using Leibniz 
rule one has 



l/s 



supf/?^l"l-" [ \D'^im(l)sm\'d^) 

R>0 V Jr<\^\<2R / 

= sup ("i?^!"!-" [ |D"(m05)(O|'rf^) 

R>0 V J {R<\i\<2R}nB{^o,S) J 

Now we will get a bound for each term in the above sum. In order to get it, 
we consider different cases. In all the cases we will use that for any multiindex 
a we have < and that the modulus of continuity of m, denoted by 

c<;(m, ^0, f^), satisfies Co'(m,^o,^) < C5. 

Case 1. \a\ = n. 

For /3 = a one has that 



JB(£n.S) 



and this term tends to as 5 tends to taking 1 < s < For the remaining 

terms, that is a ^ P, we have 



B(^o,5) 



— (J§n-s\l3\ 
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where the derivatives of m are bounded by a constant, and the last inequahty holds 
when 5 is small enough. So, if 1 < s < this term goes to as 5 goes to 0. 
Case 2. \a\ = k < n. 

For 1/3 1 = I a I, using the boundedness of the modulus of continuity of m we have 

<C^\uim,^o,S)\'6" 

^ ^s+n—ks 

and this term, again, goes to as 5 goes to 0, whenever 1 < s < 
Finally, if \f3\ < \a\, one gets the same bound 

(^^^~^^~^^ 

When ^0 = one has 

sup fi?^!"!-'^ / \D^{m(l>smrdi] ' 

R>0 \ Jr<\^\<2R J 

= sup / \D-{m<Psm\'d^) ' . 

S>R>0 V JR<\^\<2R J 

Observe that for \(x\ > 0, -D°05 lives on {5/2 < |^| < 5}. Then, similar calculations 
complete the proof. □ 

To prove the first case of Lemma 1 there is another argument due to J. Duoandikoetxea. 
We thank him for providing us the following lemma. In fact, it is only necessary to 
assume that the multiplier m is continuous. 

Lemma 2. Let e M", < 5 < (5o, 1 < g < 2 and m e Mg (1 C{B{^q, Sq)) with 
m(^o) — 0. Set (f>s{C) o,s above and let Tm(t>s be the operator with multiplier rrKps- 

(a) For any p e (g, 2) we have 

Wlp^lp — >■ 0, when 5 — >■ 0. 

(b) Let oj E Ap with p e {q, 2) and let s > 1 such that u}^ e A^. If m is an Lp{uj^) 
multiplier, then 

\\lp{ui)-¥Lp{oj) — ^ 0, when S ^ 0. 
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Remark 1. Clearly, a similar result holds when 2 < p < q. 

Proof. We first observe that ||Tm0j|L2^i2 = ||m05||oo = and e{6) — t- as 5 — 
since m is continuous in ^o- On the other hand, < ||05llLi||"^||A4g = 

C||m||Ai^, where C is a constant independent of 6. That is, for all 5 > 

||T™<^J||,<M||/||, 

Then, applying the Riesz-Thorin theorem (e.g. |Grlt p. 34]), for any p G {q,2) 
(1 = 1^ + f ) we have 

\\Tm^sf\\p<M'''e{6f\\f\\, = e,{6)\\fU (9) 

where — t- as 5 — t- and (a) is proved. For proving (b), since a;** G Ap and (ps 
is a cutoff smooth function, note that 

\\Tm^sf\\LP{Lu'') < CWfllLPito"), (10) 

where one can check that C is a constant independent of 6. Finally, from and 
( llUp . applying the interpolation theorem with change of measure of Stein- Weiss (e.g. 
(BeLj p. 115]), we get 

\\Tm^J\\Lr'i.)<C'/'e,{6y-'/'\\f\\Lr:^^) 

as desired. □ 



3 The polynomial case 

As we remarked in the Introduction, to have a complete proof of theorems [T] and [2] 
only remains to prove that (b) implies (c) (and (d) implies (c) in Theorem [1]). Our 
procedure to get the above implications follows essentially the arguments used in 
[MOV] and |MOPV] . The main difficulty to overcome is that for p ^ 2, we cannot 
apply Plancherel Theorem and we replace it by a Fourier multiplier argument. 

We begin with the proof of (b) implies (c) in Theorem [1] for the case u = 1. 
Then we show how to adapt this proof to the case with weights, to the case of odd 
operators and to the case of weak L^. Thus, we assume that T is an even polynomial 
operator with kernel 

fyt \ it If* / L rt-t It /j> Zi V ^ / fc 

lAj JU lAj iXj 

where P2j is a homogeneous harmonic polynomial of degree 2j. Each term has the 
multiplier (see [Stl p. 73]) 
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Then, 

where Q is the homogeneous polynomial of degree 2N defined by 

Q(x) = 72^2(0;) + . . . + 72,P2,(a;)|a:|2"-2^' ^2nP2n{x). 

We want to obtain a convenient expression for the function K{x)xK.r^\B, the kernel 
K off the unit ball B (see ( 1T2|) ). To find it, we need a simple technical lemma which 
we state without proof. 

Lemma 3. jlMOV\ p. 1435] Assume that ip is a radial function of the form 

(f{x) = ifi{\x\)xB{x) + 'f2{\x\)XRn\Bi^), 

where (fi is continuously difjerentiable on [0, 1) and (f2 on (1, 00). Let L be a second 
order linear differential operator with constant coefficients. Then the distribution 
Lip satisfies 

Lip = Lip{x)xb{x) + Lip{x)xKn\B{x), 
provided ipi, ip[, ip2 and ip2 extend continuously to the point 1 and the two conditions 

¥.1(1) =¥.2(1), ^[{l) = ^'2{l) 

are satisfied. 

Consider the differential operator Q{d) defined by the polynomial Q{x) above 
and let E be the standard fundamental solution of the A^-th power A'^ of the 
Laplacian. Then Q{d)E = p.v.K{x), which may be verified by taking the Fourier 
transform of both sides. The concrete expression of E{x) = \x\'^'^~^{a{n, N) + 
b{n, N) log \x\'^) (e.g. [MOV[ p. 1464]) is not important now, just note that it is a 
radial function. Consider the function 

ip{x) = E{x)xu'^\Bi^) + (Ao + v4i|a;p + ■ ■ ■ + A2N-i\x\^^'^)XBix), 

where B is the open ball of radius 1 centered at origin and the constants Aq, Ai, . . . , 
A2N-1 are chosen as follows. Since ip{x) is radial, the same is true for A^(p if 
j is a positive integer. Thus, in order to apply times Lemma [3l one needs 
2N conditions, which (uniquely) determine Aq,Ai, . . . ,A2n-i- Therefore, for some 
constants ai, 02, • • • , ctN-i, 

A^ip = {ao + ailxp + ■ ■ ■ aN-i\x\^^^~^^)XB{x) = b{x), (11) 

where the last identity is the definition of b. Let's remark that 6 is a bounded 
function supported in the unit ball and it only depends on N and not on the kernel 
K. Since 

ip = E* A^(p, 
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taking derivatives of both sides we obtain 

Q{d)^ = Q{d)E * A^if = p.Y.K{x) *b = T{b). 
On the other hand, applying Lemma [31 

Q{d)v = K{x)x^r.\B{x) + Q(9)(Ao + A,\x\^ + ■■■ + A2n-i\x\'''-^){x)xb{x). 
We write 

S{X) := -g(9)(Ao + Ailxp + . . . + A2Ar_i|x|^^-2)(x), 

and we get 

K{x)xn^.\-B{^) = T{h){x) + S{x)xb{x). (12) 

Let's remark that S will be null when Q is a harmonic polynomial (see |MOV[ p. 
1437]). Consequently 

TV = T(6) *f + SxB*f. 

Our assumption is the estimate between T* and T. Since the truncated operator 
at level 1 is obviously dominated by T*, we have 

\\SxB*fh<\\T'f\\,+ \\Tb*f\\, 
< ||T7||p+||6*T/||, 

<C||T/||,+ ||6|M|T/||, ^ ^ 

= C\\TfU 

that is, for any f & U' 

\\SxB*fh<C\\v.Y.K*f\\,. (14) 

If p = 2, we can use Plancherel and this inequality translates into a pointwise 
inequality between the Fourier multipliers: 

\s^Bm<c\^m = ^, ^7^0. (15) 

If p 7^ 2 we must resort to Fourier multipliers to get f[T^ . We observe that the 
multipliers we are dealing with, Sxb and p.v.if, are in C°° \ {0} and in A^p. Let 
^0 7^ 0, we write 

s^B{i) = s^B{m^)+Em with i5i(o = ^(o-^(eo) 
^:^(o = p^(eo)+i?2(o with E2(o = p^(o-p^(eo) 

and so 

llp.v.i^ * /Hp < 1^:^(^0)1 \\fh+\\TEJh. (16) 
II^XB* /lip > 15^(^0)1 ||/||p-||T^JIU (IT) 
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where T^;. denotes the operator with multipher Ei {i = 1,2). Using (fTTI) . (fH]) and 
f|T6l) consecutively, we get 

1^(^0)1 ll/llp-||r^Jllp<II^XB* /lip 

<C||p.v.ir*/||p 

<c(|^(eo)|||/||p+||r^jy 



and therefore 

i^(eo)i < c { ip.v.K(eo)i + + ) , eo ^ 0. 



l^£;2/llp , \\TeJ\\p 



Now, choosing appropriate functions in f lTSj) we obtain the pointwise inequahty. 
Let (psiO = '/'l^^) in Lemma [T] and define gs G 5(M") by gsi^) = (psiO- Then 
TE.gs = TEj{g25 * 5'5) = TE^^,,s{g5), because 02<5 = 1 on the support of (ps- Changing 
/ by gs in (|T8|) we have 



1^(^0)1 < c (\^{^o)\ + Eff^^ + 

V \\95\\p \\9s\\p 

<c(\^7j^{^o)\ + \\ Te24>2s\\lp^lp + ||^£;ifli2i lU^'-i'i'' 

Applying Lemma [T] to the multipliers Ej we prove that the two last terms tend 
to zero as 6 tends to zero. So, for w = 1, we get (|T5|) and from here we would follow 
the arguments in |MOVl p. 1457]. 

For the weighted case we must be careful with the inequalities in f ll3p . In general, 
the inequality ||/ * -F||lp(i^) < C'||/||i||F||ip(^) is not satisfied. That is, we can not 
control II& * T/||iP((^) by a constant times ||&||i||T/||iP(^). However, in the even case 
6 is a bounded function supported in the unit ball and so 



|(6*T/)(x)| 

Moreover 



b{x-y)Tf{y) dy 

x-y\<l 



<CM{Tf){x). 



II&*t/iUp(^)<c||t/iUp(^), 

because u G Ap. So, \\Sxb * /||lp{w) < C||p.v.K * /||Lp(a;) and proceeding as above, 
we would get (fT5|) . 



The proof of (h ) implies (c) m. Theorem H] can be handled in much the same 
way. The only significant difference, because now the polynomial is odd, lies on the 
function h in f|T2|) . which is not supported in the unit ball but it is a BMO function 
satisfying the decay |&(a;)| < Clxl^"^-*^ if |x| > 2 (see |MOPV| section 4]). In any 
case, 6 G and the set of inequalities f|T3|) remains valid for the case u = 1. 
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On the other hand, for any lo in the Muckenhoupt class we write, arguing as in 
|M()PV[ p. 3675], 

\{b*Tf){x)\- 



{b{x -y)- bB{o,2))Tf{y) dy + 

x-y\<2 

+ \bB(o,2)\ [ \Tf{y)\dy+ [ \b{x-y)\\Tf{y)\dy 

J\x-y\<2 J\x~y\>2 
= 1 + 11 + III, 

where feB(o,2) = Jb{0 2)^ ■ estimate the local term / we use the gen- 

eralized Holder's inequality and the pointwise equivalence MmogL)f{x) ~ M'^f{x) 
([P]) to get 

|/| < C\\b\\BMo\\Tf\\LilogL),Bi-,2) < CM\Tf){x). 

Notice that &_b(o,2) is a dimensional constant. Hence 

|//| < CM{Tf){x). 
Finally, from the decay of b we obtain 

\m<C [ -f^^dy<CMiTf)ix), 

J\x-y\>2 I"*- y\ 

by using a standard argument which consists in estimating the integral on the annuli 
{2'' < \x - y\ < 2''+^}. Therefore 

\{b*Tf){x)\<CM'{Tf){x). (19) 

So, we obtain 

II&*t/iu.(^)<c||t/iUp(^), 

because u G Ap. Then, HS'xs * < cii p.v.A * /||LP(tj) and we get f llSp . 

It remains to prove that (d) implies (c) in Theorem [TJ To get this implication 
we need to precise some properties of the functions gs that we explain below. First 
of all, note that gs{x) = e^^^°6"'g{6x) where g = (p. So it is clear that the norms 
WdsWi = \\g\\i and ||5'5||i,oo = ||fl'||i,oo do not depend on the parameter 6 > 0. When 
6 < \^o\, since / gs{x)dx = 05(0) = and gs G 5(R"'), we have that gs G H^. 
But, some computations are required to check that Hs'^Hhi ^ C with constant C 
independent of 6. 

Lemma 4. When < 6 < \\gs\\m ^ C with constant C independent of 6. 

Proof. We have gs{x) = e"'«»5"c/(5x) with g G 5(M") and J gs = 0. Set F^{x) = 
Xb(o,5-^){x) and, for j > 1, F/(x) = XB{o,2i5-^)ix) - Xi?(o,2i-i5-i)(a;). Note that 
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Yl'jLo^ji^) = ^- Consider the atomic decomposition of gs 

oo oo 

j=0 j=0 
oo oo 

j=0 j=0 



wiiere Cj = ^ ^ , do = U and dj^i = jr-^ so tiiat J aj{x)ax 

J A^j{x)dx = 0. Note that is supported in the ball 5(0, 2^~^) and A^j is supported 
in 5(0,2^+15-1). 

Since g G S{W) we have (1 + \z\''+^)\g{z)\ < C. Then 

\gs{x)F'{x)\ = 5^\g{5x)\F'{x) < 5" sup |^7(z)| <ci-] 2'^- 



and therefore 



l9sF 



< 



|5(0, 2^-5-1)1 • 



On the other hand, / gs^F^ + ■ ■ ■ + F^) = i|^.|>2j5-i g5{x)dx, because f gs = 0, 
and so 

,5 _ f\x\>2^5-^9s{x)dx ^ j^^^^^^\g{z)\dz ^ C2~i 



/F^^i - |5(0, 2^+15-1)1 - |5(0, 2^+1(5-1) 
Consequently 

C C 
WfAWm < — and \\A^A\hi < —■ 

Therefore, for all 6 G (0, l^ol), Ik^ll/fi < C as we claimed. 

Finally, for functions / in H^, and again using f fT2|) . we have 

||^XB*/||i,oo<2(||rV||i,oo + ||T6*/||i,oo) 
<^^(||T7l|i,oo + ||6*T/||i) 
<C||T/|K + ||6|M|T/||i) 
= C||T/||i = C||p.v.i^*/||i. 

Taking ^0 7^ and using the same notation as before, we have 

\\p.Y.K*f\\,<\];:^{^o)\\\f\\i + \\TEj\\i, 

\\SXB * /lll.oo > llS^Bm ||/||l,oo - ||Ti,J||l,oc 
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□ 



and consequently 



\Sxb{^o)\ < C [ IP-^-^(eo)l^ + + ) ' ^0^0. 



Replacing / by gs and using the properties of gs (that is, WgsWi = \\g\\i, ||fi'<5||i,c 
||(7||i,oo and Lemma H]) we obtain 

|^(eo)| <c( \^{^o)\t!^ + %^f^ + I'^^^^-f^l'^'- 

V ||5'<5||l,oo ||5'5||l,oo ||fi'(5||l,oo 

^ n ( \' l?(C W ll^lll I \\'^E2<i>2s\\H^^LA\9s\\m . ||^_Ei02S 

< G |p.v.A(4oj|]r-[] \ u — u \ n — n 

V ll5'l|l,oo ||5'5||l,oo llfl'Slll.oo 

< C ^|p.V.A"(^o)| + \\TE2<t>2s\\H^^L^ + \\TEx<j>2i\\L^^L^'°°^ 

and therefore, applying Lemma [T] on the right hand side of this inequality, we get 

\S^B{^,)\<C\^:^{i,)\ ^0 7^0 

as desired. 

4 The general case 

In our procedure for the polynomial case, the function h has been crucial. It provides 
a convenient way to express the function K{x)x^n\Bi where K is the kernel of 
the operator T. As we mentioned before, h only depends on the degree of the 
homogeneous polynomial and on the space W^. In the even case 2N (see flTTl) ). 
b = b2N is the restriction to the unit ball of some polynomial of degree 2N — 2. In 
the odd case 2N + 1, b2N+i is a BMO function with certain decay at infinity. Until 
now, we did not need to pay attention to the size of the parameters appearing in 
the definition of b because the degree of the polynomial (either 2N or 2N + 1) was 
fixed. In this section we require a control of the L^, L°° or BMO norms of b, as well 
as its decay at infinity. We summarize all we need in next lemma. 

Lemma 5. There exists a constant C depending only on n such that 

(i) \bZ^m < C and \b^im <C, W. 

(ii) \\b2N\\L^{B) < C{2NY^+^ and || V62^||l-(b) < C{2NY^+\ 
(ill) ||62JV+i||bmo < C{2N + 1)2" and || WilU^ < C{2N + l)^". 
(iv) If \x\ > 2 then \b2N+iix)\ < C{2N + l)2«|x|-"-^ 
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Proof. Parts (i), (ii) and (in) are proved in |MUVl Lemma 8] and |MUPVl Lemma 
5]. It only remains to prove (iv). 

Recall that a denotes the normalized surface measure in S*""^, and let hi, . . . ,hd 
be an orthonormal basis of the subspace of L'^{da) consisting of all homogeneous 
harmonic polynomials of degree 2N +1. As it is well known, d ^ {2N + As 
in the proof of Lemma 6 in |MUVj we have hf + ■ ■ ■ + h"^ = d, on 5"^^. Set 

Hj{x) = hj{x), X eW, 

l2N+lvd 

and let Sj be the higher order Riesz transform with kernel Kj{x) = Hj{x) 
The Fourier multiplier of Sj is 



1 h,{0 



d |e|4^+2^ 

and thus 



7^ ^ G M" , 



J2 = Identity . (20) 

We use again ( !T2|) . but now the second term at the right hand side vanishes 
because each hj is harmonic (see [MOVj . p. 1437). We get 

Kjix) XRn\Bix) = Sj{b2N+i)ix), X eW, l<j<d, 

and so by d^D]) 

d 

hN+i = Sj (^Kj{x) XRn\Bi^)j . (21) 

J=l 

Therefore we set 

d 



j=l j=l j=l 

d 

where 5o is the Dirac delta at the origin. If |x| > 2, then 

^n^^ny; abkujjk^j - / ^ " y)Kj{y)dy 

{K,{x-y)-K,{x))K,{y)dy. 



lim 


/ 


£->0 ^ 


'e<\y\<l 


lim 


/ 


e->0 ^ 


le<\y\<l 
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In this situation, 





y 




\x 


n 


+ 1 



hence 



\C fl^ f \ f \\f M / ^ll-^illoo(2A^ + 1) + ||V-f/j-||oo f ll-f^illoo, 

\Sj{K^{y)XB{y)){x)\ < C — — / dy 



\x\ 

;in— 1 



i<i \y\ 



where the supremum norms are taken on S"" . Clearly 

1 



I Hj 1 1 



72Af+l 



72Af+l 



^^d 

For the estimate of the gradient of Hj we use the inequality |Stl p. 276] 



11 i ^ 

system 



where the LP' norm is taken with respect to da. Since the hj are an orthonormal 



1 (2A^ + l)"/2 
HAU = ~ \/ ,,,, ~ 2Ar + 1 

Gathering the above inequalities we get, when |x| > 2 



\S,{K,{y)xB{y)){x)\ < ,JJ 



\x\ 



and finally 



as claimed. 



('2A^ + l)"+2 ('2iV + l)2" 



□ 



Now, the kernel of the operator Tf = p.v.K * / is of the type K(x) = 
being Q a (T°{S"'~^) homogeneous function of degree 0, with vanishing integral on 
the sphere. Then, Q{x) = X]j>i ~^[^ with P2j homogeneous harmonic polynomials 

of degree 2j when T is an even operator, and Q{x) = Xlp-o ^^^pZ+i'' with P2j+i 
homogeneous harmonic polynomials of degree 2j + 1 when T is an odd operator. 
The strategy consists in passing to the polynomial case by looking at a partial sum 
of the series above. Set, for each > 1, Kj^{x) = where ^n{x) = X^jLi 

(or ^n{x) = ^f=o ^^^pj+i'' in the odd case), and let T/v be the operator with kernel 
Kn. 
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We begin by considering (b) implies (c) in Theorem [T] when u = 1, that is, T 
is even and our hypothesis is ||T*/||p < C||T/||p, / e L^(M"'). In this setting, the 
difficulty is that there is no obvious way of obtaining the inequality 

||T^/||p<C||T^/|U feL^iR^- (22) 

Instead, we try to get fl22|) with ||T/v/||p replaced by ||T/||p in the right hand side 
plus an additional term which becomes small as tends to oo. We start by writing 

||T^/||p< ||tV|Ip+I|tV-t^/II 



p 

j>N I I 

By (|T2l) . and since every is harmonic, there exists a bounded function b2j 
supported on B such that 

By Lemma [5] (ii) , we have that ||&2il|Li < C||^2i < C'(2j)^"^^, and thus 

IIEMw*/II, = III:p-M*''2.*/II. 

j>N ' ' i>N ' ' 

- H\\^^\\L'^LA\b2-j * fWp 



j>N 



< 



EllJ^ill^-^^ll^^^-llill^ll^ (24) 



j>N 



P,Ax) 



j>N 

< ^ii/iIpE(ii^2,iioo+ iivP2,iioo)(2jr"+^ 



The last inequality follows from a well-known estimate for Calderon-Zygmund op- 
erators (e.g. |Grll Theorem 4.3.3]). On the other hand, 

Kn{x)xmp\b{^) = TN{b2N){x) + Sn{x)xb{x) 

and then 

T^f = P-v.Kn *b2N* f + SnXb * /• 
So, for each / G U'{W^), using fl2^ and fl21|) . we have the inequahty 

\\SnXb *f\\p< ||T^/||p + llp.v.i^iv * b2N * f\\p 



< C l\\Tfl + ll/llp 5^(||P2,||oo + II VP2,||oo)(2jr"+^ + llp.V.iT^ * b2N * 



/II, 
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We emphasize that the corresponding multiphers S^xb, P-v-K and p.v.i^jv * = 
p.v.K^b2N are in C°° \ {0} and in Aip. Therefore, proceeding as in the polynomial 
case, and applying Lemma [T] we obtain the pointwise estimate for ^ 7^ 



1^(01 < c + i(p^^ ■ Q(oi + Edi^^iiioo + iivP2,iioo)(2jr"+' 

V j>N 

< c + iP^^(oi + E(ii^2,iioo + iivP2,iioo)(2jr"+' 

where in the last step we have used Lemma E] (i), that is, |&2Af(OI — C", for ^ G M". 

The idea is now to take limits, as goes to 00, in the preceding inequality. By the 
definition of Kn and ([6]), the term on the right-hand side converges to C|p.v._ft'(^)|. 
The next task is to clarify how the left-hand side converges, but at this point we 
proceed as in |MUVt p. 1463] and we get the desired result. 

This argument, which has been explained for the even case and w = 1, is also 
valid for the other cases, after taking into account the particular details listed below. 

To get (h) implies (c) m. Theorem [1] for any u G Ap, we would use 



to obtain the inequality analogous to 

In order to obtain (d) implies (c) in Theoremd] note that if Cj > and YlJLi 
1, then II J29j\\i,oc < J2cJ^\\9j\\i,oo- We have 

II P2j{x) sr-^ P2j{x) , „|| 

II M^^B^ * ^lli'- = II 2^ P-""- * * 

j>N ' ' j>N ' ' 



< 



\x 

j>N I 



3 ll^^llLi^Li,-||&2,*/|h 



^E^-'llS^IU^— II^^^-IMI/IK 



j>N 



j>N I I 

< c^ii/iii E(ii^2,iioo + llvP2,lloo)(2Jr-+^ 
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j>N 



< CiWTflU + ll/lll $^(||P2,||oo + ||VP2,||oo)(2jr"+^ + 



j>N 



+ IIP-V./^at * 627V * /||l,oo)- 



Again, using Lemma [T], Lemma [Hand Lemma 0, we obtain, for 7^ 0, 



SNXBiOl < C |p.V.i^(0| + |P.V.K^(0I + $^(l|i^2,||oo + ||VP2,||oo)(2jr^ 




j>N 




as desired. 



The implication (6) =^ (c) in Theorem [2] can be adapted as follows. T is odd and 
the functions &2j+i are in BMO. By Lemma[5l we have ||62j+i||cxi < C, ||&2j+i||BMO < 



C(2j + 1)2" and ||62i+i||2 < C{2j + l)^". Moreover, \b2j+i{x)\ < C(2j + l)2"|x 



if |x| > 2. Then, proceeding in the same way as in the proof of (fT9|) . we get 



and so, the inequality analogous to IHM follows. 
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